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Abstract—We demonstrate theoretically and experimentally
that a periodic three-way microstrip coupled waveguide exhibits
a stationary inflection point (SIP). The SIP is a third order
exceptional point of degeneracy (EPD) where three eigenmodes of
the guiding system coalesce to form a stationary frozen mode with
zero group velocity. Here the frozen mode is shown in a reciprocal
waveguide; therefore three coupled waveguides (called three-
way waveguide) are required, supporting three modes in each
direction. We illustrate the occurrence of the frozen mode regime
by observing the dispersion diagram and by using the concept
of coalescence parameter that is a measure of the separation
of the three coalescing eigenvectors (polarization states). Results
based on full-wave simulations and measurements demonstrate
the coalescence of three modes and how this coalescence is not
perfect due to the presence of losses in the microstrip structure
at 2 GHz. The coalescence parameter is used to determine how
close the three-way system is to the ideal frozen mode condition.
Index Terms—Frozen modes, Coupled transmission line, De-
generacy, Stationary inflection point, Exceptional point.
I. INTRODUCTION
An exceptional point of degeneracy (EPD) is defined as
the point in a system parameter space at which two or more
system eigenmodes coalesce into a single degenerate mode
[1], and the number of coalescing eigenmodes defines the
order of the EPD. For instance, the cut off frequency in any
uniform waveguide is a second order EPD resulting from
the coalescence of two oppositely propagating modes [2],
while the degenerate band edge (DBE) is a fourth order EPD
[3], [4]. EPDs are obtained also in systems with gain and
losses exploiting the concept of Parity-Time symmetry [5],
[6], however in this paper we focus on gainless waveguides.
This paper is concerned with a third order EPD in lossless
and gainless waveguides which is often referred to as the
stationary inflection point (SIP) or frozen mode regime. Such
an EPD is obtained due to the coalescence of three eigenmodes
of which two are evanescent and one is propagating to form a
frozen mode at which the group velocity is zero. Indeed, the
group velocity preserves its direction for frequencies slightly
smaller and higher than the SIP one, and this makes it
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beneficial for various possible applications such as amplifiers
[7] and Lasers [8]. The SIP was obtained in photonic crystals
that support only four modes (including both directions)
through using magnetic materials to break reciprocity [9]–
[13]. However, to obtain an SIP in reciprocal structures, at
least three coupled waveguides are required that allow three
modes to exist in each direction [14], [15]. The SIP has
been obtained in reciprocal optical waveguides by introducing
periodicity such as in periodic chain of coupled ring resonators
that are side-coupled to a straight waveguide [4], three coupled
waveguides with periodic perforations [16], coil resonators
[17], [18], and also in [19] using coupled mode theory without
referring to specific waveguide design.
In this paper, we introduce a novel design of a three-
waye waveguide that exhibits an SIP at microwave frequencies
shown in Fig. 1(a). In Sec. II, we provide the theoretical
framework and demonstrate the occurrence of the SIP in
a lossless three-way microstrip waveguide at 2 GHz using
TL theory. In Sec. III, we demonstrate the existence of the
SIP via full wave simulations and experimentally, with both
results being in very good agreement. We also show how the
coalescing parameter is useful to assess the coalescence of the
three polarization state vectors.
II. FROZEN MODE IN LOSSLESS THREE-WAY MICROSTRIP
WAVEGUIDE DESIGN
The periodic three-way reciprocal microstrip, shown in Fig.
1(a), exhibits a frozen mode, i.e., an SIP in its k-ω dispersion
diagram, where k is the Bloch-wavenumber and ω is the
angular frequency. The three-way waveguide comprises two
uniform TLs that are coupled through a third serpentine-
shaped TL as shown in Fig. 1(a), with the unit cell shown
in 1(b). We assume that all the TLs have the same width w so
that the three individual TLs have a characteristic impedance
of 50 Ohms (when uncoupled), the distance between coupled
lines is s, and the structure period is d. To find the proper
dimensions of the three-way microstrip so that it exhibits
an SIP at 2 GHz, we consider first a lossless structure
with substrate of a dielectric constant εr = 2.2 and height
H = 1.575 mm. We determine the TL dimensions using
the quasi-static model in [20] by imposing the values of
the desired characteristic impedance of 50 Ohms and the
dielectric permittivity of the grounded dielectric substrate. The
three-way microstrip supports six eigenmodes; three in each
z-direction. The proposed three-way microstrip shown here
departs from the one in [13] because instead of breaking
the system reciprocity using nonreciprocal magnetic materi-
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(a) (b)
(c)
Fig. 1. Three-way periodic microstrip waveguide that exhibits an SIP (a frozen
mode regime). (a) 3D perspective of the geometry with copper lines over a
grounded dielectric substrate (metals are in yellow). (b) Top view of a unit-
cell. The structure can also be viewed as two straight TLs coupled through a
serpentine TL. (c) Floquet-Bloch complex-wavenumber dispersion diagram of
eigenmodes in the three-way periodic structure in (a). The dispersion diagram
shows the existence of an SIP at frequency f = 2 GHz, where three branches
(one real and two complex) coalesce. The dispersion diagram is shown for a
lossless ideal microstrip, without considering conductor, substrate, or radiation
losses. The presence of losses perturbs the exact occurrence of the SIP as
shown in Fig. 2. The dashed red line represents the propagating modes with
zero imaginary part.
als, we introduce a third TL with periodic coupling to get
the SIP while retaining the system reciprocity. We define a
state vector to describe the evolution of the eigenmodes as
ψ =
[
V1, I1, V2, I2, V3, I3
]T
, where T denotes
the transpose operation, and Vi and Ii with i = 1, 2, 3 represent
the voltage and the current in TL i, respectively.
The evolution of the state vector of the periodic structure is
described by Ψ(z2) = T(z2, z1)Ψ(z1), where T(z2, z1) is the
6× 6 transfer matrix (T-matrix) that translates the state vector
from point z1 to z2. The spatial evolution of the state vector
across a unit cell of length d is given by Ψ(z+d) = TuΨ(z),
where the unit-cell T-matrix Tu = T(z + d, z). According to
Floquet-Bloch theory, we look for periodic solutions of the
state vector as e−jkd where k is the Floquet-Bloch complex
wavenumber, that satisfy Ψ(z+d) = λΨ(z), with λ ≡ e−jkd.
The eigenvalue problem is then formulated as
TuΨ(z) = λΨ(z), (1)
where the eigenvalues λn ≡ e−jknd, with n = 1, 2, . . . , 6
are obtained by solving the dispersion characteristic equation
D(k, ω) ≡ det[Tu − λ1], with 1 being the 6 × 6 identity
matrix. Due to reciprocity, the determinant of Tu is always
equal to unity [21] which implies that the eigenvalues solutions
of the characteristic equation must appear in reciprocal pairs.
This means that if k is a Floquet-Bloch wavenumber solution,
then −k is also a solution, i.e., the six k-solutions must come
in positive-negative pairs. Away from an EPD, the unit-cell
T-matrix Tu is diagonalizable hence it has six eigenvectors
Ψn(z) associated with six eigenvalues λn. However at the
EPD, the T-matrix Tu is not diagonalizable and is similar
to a matrix containing two 3 × 3 Jordan Blocks as shown
in [4]. Since the waveguide has 6 eigenvalues, at the SIP
frequency we have only two reciprocal eigenvalues λSIP
and 1/λSIP , and each of them has algebraic multiplicity
3 and geometrical multiplicity 1. Hence, the six Floquet-
Bloch wavenumber solutions are kSIP and −kSIP , and each
one is repeated three times. The eigenvectors associated with
degenerate eigenvalues are generalized eigenvectors obtained
from (Tu − λSIP1)p Ψp = 0, p = 1, 2, 3, where 3 is the
order of the SIP degeneracy, i.e., the number of coalescing
eigenvectors. Note that Ψ1 is the regular eigenvector associ-
ated with the degenerate eigenvalue λSIP .
The SIP is a mathematical concept that is never met
perfectly in reality because losses and fabrication tolerances
would inhibit the perfect coalescence. However, a system
can operate in the vicinity of the frozen mode regime while
retaining the unique physical properties of the three-mode
degeneracy. In order to assess how close a system is to an
EPD, we use the coalescence parameter concept developed in
[22] , where the authors referred to it as figure of merit or hy-
perdistance. To better evaluate the coalescence between three
eigenvectors, we normalize the eigenvector terms so that they
all have the same unit as Ψˆn = diag(1, Z0, 1, Z0, 1, Z0)Ψn,
with n = 1, 2, . . . , 6, and Z0 is a normalization impedance
that is here considered to be equal to the TLs characteristic
impedance.
The coalescence of the three eigenvetcors Ψˆ1, Ψˆ2 and
Ψˆ3 associated to the three positive wavenumbers in (1) is
measured via the coalescence parameter
DH =
1
3
3∑
m=1,n=2
n>m
|sin (θmn)| , cos (θmn) =
∣∣∣〈Ψˆm , Ψˆn〉∣∣∣∥∥∥Ψˆm∥∥∥ ∥∥∥Ψˆn∥∥∥
(2)
where θmn is the angle between the two six-dimensional
complex vectors Ψˆm and Ψˆn, and it is defined via the inner
product
〈
Ψˆm, Ψˆn
〉
= Ψˆ†mΨˆn, with the dagger symbol †
representing the complex conjugate transpose operation, and∥∥∥Ψˆm∥∥∥ and ∥∥∥Ψˆm∥∥∥ denote their norms. The parameter DH is
always positive and less than one, and DH = 0 indicates the
perfect coalescence of the three eigenvectors, i.e., the system
experiences an SIP.
We build the transfer matrix of the unit-cell in Fig. 1(b)
using transmission line analytic formulas by diving the waveg-
uide into sections of uniform single/coupled transmission lines
and we tuned the dimensions of the unit cell to minimize
the three eignvectors coalescence parameter DH , where the
eigenvecctors are calculated from the eigenvalue problem (1).
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The optimized lossless unit cell has dimensions w = 5.09 mm,
s = 0.5 mm, h = 3 mm, and a period d = 55 mm, and it
exhibits an SIP at 2 GHz as shown in Fig. 1(c), without using
magnetic materials to break the system reciprocity.
At the SIP, the dispersion relation is approximated as ω −
ωSIP ≈ η(k−kSIP )3, where ωSIP is the angular frequency at
which the three modes coalesce, η is a constant that describes
the flatness of the SIP. The group velocity and its derivative
are zero at the SIP, i.e., ∂ω/∂k = ∂2ω/∂k2 = 0, whereas
the second derivative of the group velocity is non zero, i.e.,
∂3ω/∂k3 = 6η 6= 0.
III. EXPERIMENTAL VERIFICATION OF SIP AND
FULL-WAVE SIMULATIONS
We verify the existence of the SIP in the three-way periodic
microstrip shown in Fig. 1(a) both experimentally and via full-
wave simulations. We used a grounded substrate (Roger5880)
that has substrate loss of tan δ = 0.0005, whereas the metal
layers have conductivity of 4.5 × 107 S/m and thickness of
35 µm. The fabricated unit cell is shown in Fig. 2(a) including
SMA connectors, where we have added extra extensions of 13
mm on each side of the unit cell to deembed the effect of the
SMA connectors. Indeed, the SMA connectors not only add
extra length but also introduce high order evanescent modes
due to the discontinuity [13]. We fabricated a “calibration”
circuit with only the two added extra lengths as shown in Fig.
2(b), to deembed the SMA effects as follows.
The T-matrices of the two fabricated circuits, the one with
the extra lengths and the calibration circuit, in Figs. 2(a) and
(b) are TA = TRTuTL and TB = TRTL, respectively,
where TR and TL are the T-matrices of the extra length and
the SMA connectors on the right and left sides, respectively.
Hence, we calculate a new T-matrix Tn = TAT
−1
B =
TRTuT
−1
R whose eigenvalues are the same of those of the
unit-cell T-matrix Tu, if TR is not singular, as shown in
[23]; a related but different method is also shown in [13]. The
transfer matrices TA and TB are obtained by transforming
the scattering matrices associated to the 6-port circuits in Figs.
2(a) and (b).
The scattering matrices are obtained via measurements
using a Rohde & Schwarz Vector Network Analyzer (VNA)
ZVA 67 and also via full-wave simulations based on the finite
element method implemented in CST Studio Suite. The mea-
sured 6×6 S-matrix is obtained through connecting two ports
of the VNA to ports q and r of the unit cell, while the other
four ports are terminated by 50 Ω loads so that we measure a
2× 2 S-matrix block S(q, r). We change the ports q and r to
cover all the combinations of the 6-ports circuit to construct
the 6 × 6 S-matrix from the obtained 2 × 2 block matrices.
Once the T-matrices TA and TB are obtained from the S-
parameters, we calculate the unit-cell complex wavenumbers
k from the eigenvalues of Tn = TAT
−1
B following the method
discussed in the previous section. The comparison between the
measured and the simulated dispersion diagrams in Fig. 2(c)
shows a good agreement. As mentioned previously, conductor,
dielectric, and radiation losses slightly affect the coalescence
(a) (b)
(c)
Fig. 2. (a) Fabricated unit cell of the three-way periodic SIP structure
with extra length on both sides to deembed the SMA connectors effect. (b)
Deembedding calibration circuit identical to the extensions added to the unit-
cell. (c) Floquet-Bloch complex-wavenumber dispersion diagram of the three-
way periodic waveguide based on six-port S-parameter measurements (blue
curve), compared to the result obtained from full-wave simulations of a unit
cell S-parameters (red curve). Also, shown in (c) a comparison in dB between
the measured coalescence parameter and the one obtained from full-wave
simulations.
of the three eigenmodes at the SIP. To quantify this effect, we
calculate the coalescence parameter DH shown in Fig. 2(c)
using the eigenvectors of the T-matrix Tn obtained from both
the measured and the numerically simulated unit-cell T-matrix.
Note that the eigenvectors of Tn and Tu are not the same, yet
they share the geometrical and algebraic multiplicities of the
eigenvalues, see Ch. 7.2 in [24], so they demonstrate similar
trends in their coalescence parameters. The dip at the SIP
frequency in the well matched numerically and experimentally
calculated coalescence parameter verifies the existence of the
SIP.
IV. CONCLUSION
We have proposed a three-way periodic microstrip waveg-
uide geometry that exhibits an SIP in its dispersion diagram,
without the need of breaking the system reciprocity. We have
provided a theoretical model to describe the occurrence of
the frozen mode regime through the coalescence parameter
that quantifies the coalescence of the eigenvectors and also
via the degeneracy in the complex wavenumber dispersion
diagram. We have demonstrated the occurrence of the frozen
mode regime using both full-wave simulations and scattering
parameters measurements of a six-port unit cell. The SIP in
periodic microstrip structures can serve various applications
like distributed amplifiers [7], delay lines [25], pulse genera-
tors, and sensors.
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